Abstract The solution of Grad-Shafranov equation determines the stationary behavior of fusion plasma inside a tokamak. To solve the equation it is necessary to know the toroidal current density profile. Recent works show that it is possible to determine a magnetohydrodynamic (MHD) equilibrium with reversed current density (RCD) profiles that presents magnetic islands. In this work we show analytical MHD equilibrium with a RCD profile and analyze the structure of the vacuum vector potential associated with these equilibria using the virtual casing principle.
Introduction
Determination of MHD equilibrium configurations on fusion plasma columns is given by the solutions of Grad-Shafranov (GS) equation [1] . The information about the plasma behavior can be obtained by the magnetic flux ψ, which depends directly on the plasma current density profile. In general, this current density profiles are strictly positives and the magnetic surfaces associated to it are nested closed surfaces. However, recent studies show that when a RCD profile is introduced into the GS equation, magnetic islands formation can be observed throughout the numerical [2∼5] and analytical [6∼8] solutions of GS equation. The magnetic interaction between plasma and external magnetic field applied by the tokamak is responsible for the magnetic islands formation. In general, these external fields, known as vacuum fields, can be obtained from ψ. In this work, we describe analytical MHD equilibria with RCD profiles that generate magnetic islands and calculate numerically the vacuum fields using the virtual casing principle. Finally, we present a qualitative interpretation of coil configurations which could sustain the equilibria with magnetic islands.
Model
To describe a toroidal axisymmetric equilibrium for plasma on a circular cross section it is useful to work with the polar coordinated system (r, θ, φ), where r is the distance from the magnetic axis at position R 0 , θ the poloidal angle and φ the toroidal angle. The transformation relations between this system and the toroidal coordinated system (R, Z, φ) are given by
The GS equation at this coordinated system (cgs units) takes the form [9] 1 r ∂ ∂r r R ∂ψ ∂r
where ψ is the poloidal magnetic flux, I is the poloidal current density flux and p is the plasma pressure. The magnetic field is B =
2I
Rcê φ −ê φ ×∇ψ 2πR , and the toroidal current density is given by J = 2πRC dp dψ
Using the same procedure used in Ref. [9] , under consideration of Maschke equilibrium, where the pressure profile p(ψ) and I 2 (ψ) are linear and parabolic functions of ψ as
with P, P 0 , B, C and D constants, and using the same solution proposed by MAZZUCCATO [10] , 
and, as we are interested in circular cross section equilibrium configurations, with minor radius a R 0 , then considering the dimensionless variable t = r/a and the approximation of R −2 up to second order on a/R 0 , Eq. (7) takes the form
4R 2 > 0 we find that ∇ 2 ψ > 0, so the solutions of Eq. (8) has an internal local minimum and are given by
where d m are constants and J m (λt) are Bessel functions of first kind. Then, the solutions of Eq. (2) that are symmetric with respect to the equatorial plane (constant at r = a) presenting only one maximum inside the toroidal domain and consistent with the approximation up to order of a 2 /R 2 0 can be expressed by
where d 0 is determined from the boundary conditions and d 1 and d 2 are determined from the expansion equation of √ R maintaining the ordering used in this approximation. Hence, they can be considered as,
By adjusting the correct constants of the model used here it is possible to obtain a toroidal RCD profile. The procedure used by MAZZUCCATO [10] and CLEMENTE [9] is identical to the one proposed by WANG in Ref. [7] .
As mentioned in Ref. [6] , toroidal axisymmetric equilibrium containing magnetic islands occurs because of the formation of points where the poloidal magnetic field is null. Otherwise, the zeroth order equilibrium solution obtained imposing d 1 = d 2 = 0 on Eq. (10), which is a good description for plasma equilibrium of tokamaks with large aspect ratio where r/R 0 → 0, does not allow the appearance of magnetic islands when RCD profile is introduced in the equilibrium.
Due to polar symmetry of magnetic surface there is a curve r = cte where ∇ψ = 0. So, when ψ = ψ(r, θ), i.e., when this symmetry is removed, for example, in the first and second order solution of Eq. (10), there is a finite number of points where ∇ψ = 0. Then, magnetic surfaces present a separatrix with a finite number of X-points.
It is well known in Refs.
[11∼13] that toroidal magnetic field B equilibrium is actually the superposition of fields due to plasma currents, B self , and external magnetic field produced by conductors, which is commonly called vacuum field B vac . The solution of the Grad-Shafranov equation gives the total magnetic field B. We can calculate B vac using an analytical procedure known as virtual casing principle [11] .
In terms of the vector potential in the toroidal directionφ associated with the vacuum field, we have that,
where r has to be calculated at the point of integration, dσ is the infinitesimal element of area,n is the normal vector to the surface of integration that coincides with the plasma edge, and r is the position where the vacuum vector potential is calculated. If r is inside the plasma column A vac is the vector potential produced by external coils, if r is outside the plasma column A vac is the vector potential produced only by the plasma column [11] . This equation formally solve the problem and in practice the integrals have to be done numerically. We analyze the structure of vacuum vector potential associated with the RCD profiles for a given surface of the plasma edge.
Results and discussions
The model used to describe the MHD equilibrium with a RCD profile as proposed above implies the determination of constants, P, P 0 , B, C, D, and d 0 . This set of constants must satisfy the relation λ 2 > 0. For simplicity we just analyze force-free equilibrium. More complex pressure profiles can be obtained as proposed by WANG [6] . The profiles shown in Figs. 1, 3 and 5 were determined for θ = 0 and normalized with the maximum value of each propriety.
. The normalized surface of the poloidal magnetic flux ψ, at φ = 0 plane, has the same behavior of the curvẽ J φ . Figs. 2, 4 and 6 show the magnetic surfaces associated to equilibrium configuration at the zeroth, first and second order approximation.
As observed in Fig. 1 , the zeroth order solution of GS equation presents in the region r < a the formation of a curve where ∇ψ = 0. As mentioned before, the zeroth order solution is a good approximation for a typical cylindrical MHD equilibrium, and as previewed by Refs. [2, 3, 5, 6] this kind of equilibrium do not present magnetic islands. The first and second order solution, degenerate the infinity number of points (r , θ) into a finite set of points (r i , θ i ) where ∇ψ = 0. In these cases addition of the Bessel functions J 1 (λt) and J 2 (λt) implies the formation of critical points, dJ 1,2 (λr/a)/dr = 0 in the region r < a, as observed in Figs. 3 and 5 . Then, magnetic islands are observed inside plasma column, as shown in Figs. 4 and 6 . The results obtained for the first and second order are in agreement with the equilibria proposed in Ref. [7] , where a retangular cross section plasma was studied.
F. L. BRAGA: MHD Equilibrium with Reversed Current Density and Magnetic Islands Revisited
The number of magnetic islands is associated with the approximation order because of the additional terms cos(nθ). Then it is expected that the nth-order approximation is associated with the appearance of n + 1 magnetic islands.
The vacuum vector potentials calculated for the zeroth order presented in Fig. 2 and for the first order approximation of Fig. 4 are shown in Figs. 7 and 8 respectively. Typical cylindrical MHD equilibria with no RCD profiles present open lines for the contours associated with the vector potential [11] inside the plasma column. But as shown in Fig. 7 nested surfaces are obtained when a RCD profile is used, indicating that the conductor responsible for this vacuum field must be inside the plasma. A similiar result was obtained in Ref. [8] , where the authors analyzed the vacuum poloidal magnetic field outside the plasma column for a typical RCD profile obtained for an alternating-current operation mode. Typical cylindrical equilibrium could not be supported by any external field produced by coils outside the plasma. Then, tokamaks with large aspect ratio are not good devices to operate with RCD profiles. In the case where a first-order solution is used the deformation of plasma edge gives rise to the quadrupole behavior of the external magnetic fields in the inner region of the plasma.
Conclusion
The solutions of Grad-Shafranov equation obtained can be adjusted to represent a force-free equilibrium with a reversed current density profile. We observed that the symmetric zeroth order solution of ψ as proposed in the model used, do not present magnetic islands. However, the first and second order solutions that have an explicit dependence on the poloidal coordinate show magnetic islands. The vacuum vector potential were numerically calculated for the zeroth order and first order solution of the Grad-Shafranov equation using the virtual case principle. The results obtained indicate that MHD equilibria with RCD profiles may not be sustained for large aspect ratio tokamaks with typical cylindric equilibrium configurations. But, an external quadrupole coil configuration can maintain an RCD profile if the plasma column does not have poloidal symmetry.
